Abstract. In this paper, we introduce certain Jiang-type subgroups of the fundamental group of a transformation group introduced by F.
Introduction
Let f : X → X be a selfmap on a compact connected polyhedron. The While the Gottlieb groups G n (X) of a CW-complex X are important objects of study in homotopy theory, the first Gottlieb group G 1 (X) actually originated from Nielsen fixed point theory. In fact, G 1 (X) was first introduced by B. Jiang and it is also known as the Jiang subgroup J(X). The Jiang condition on X is simply the equality J(X) = π 1 (X).
In [17] , the classical Nielsen fixed point theory was generalized to the equivariant setting under the presence of a group action. Subsequent works related to equivariant fixed point theory include [4] , and [9] . To facilitate computation of certain equivariant Nielsen type numbers, an equivariant Jiang condition was introduced in [17] . This condition was studied and relaxed by Fagundes and Gonçalves [4] who gave an example in which all equivariant fixed point classes have the same index while the space does not satisfy the equivariant Jiang conidtion. Furthermore, equivariant Gottlieb groups which are analogs of the equivariant Jiang subgroups in higher homotopy groups were defined in [6] and were used to compute the Gottlieb groups of orbit spaces. This paper is organized as follows. In section 2, we examine equivariant Jiang-type conditions by considering an extension group of the fundamental group. This extension group turns out to be isomorphic to the fundamental group of a transformation group introduced by F. Rhodes [13] . In section 3, we recall the definition of the higher Rhodes groups. When the G-action is free, we show that the Rhodes groups of X are isomorphic to the Fox torus homotopy groups of the orbit space X/G, generalizing the result of Rhodes when n = 1. Moreover, we establish a split exact sequence, similar to that proved by Fox for the torus homotopy groups, for the Rhodes groups. We then introduce new equivariant Gottlieb groups (in contrast to those introduced in [6] ) as subgroups of the higher Rhodes groups and discuss some basic properties in section 4. Relationships among various evaulation subgroups are discussed in section 5. We end the paper by generalizing the Rhodes groups using the Fox torus homotopy groups and their generalizations in [7] .
Equivariant Jiang-type subgroups
First, we recall the definition of the equivariant Nielsen number N G (f ) and the extension group G of the fundamental group as in [17] . Throughout, G will denote a finite group acting effectively on a compact connected complex X with universal covering η : X → X. Let f : X → X be a G-map and x, y ∈ F ixf . Then x and y are said to be G-Nielsen equivalent if either (i) y = σx for some σ ∈ G or (ii) there exists C : [0, 1] → X, C(0) = x, C(1) = γy for some γ ∈ G and such that C ≃ f • C relative to endpoints. The equivalence classes are called G-fixed point classes (G-fpc) and each class is a disjoint union of ordinary fixed point classes. The index of a G-fpc is simply the usual fixed point index. The G-Nielsen number of f , denoted by N G (f ), is defined to be the number of G-fixed point classes with non-zero index.
Denote by π the group of deck transformations of η so we can identify π with π 1 (X). Let G := {σ ∈ Homeo( X)|ησ = ση for some σ ∈ G} so that
Fix a liftf : X → X. It follows from [17, Proposition 4.3] that there is a homomorphism ϕ G : G → G such that two lifts αf , βf are conjugate in G if and only if β =γαϕ G (γ) −1 for someγ ∈ G. Denote by R(ϕ G , π) the set of orbits of the action of G on π given by α →γαϕ G (γ) −1 , where α ∈ π andγ ∈ G. Following [17] , it is straightforward to see that there is an injection from the set of (non-empty) G-fpc to R(ϕ G , π). The GReidemeister number, denoted by R G (f ), is simply the cardinality of the set R(ϕ G , π).
Define
(2) π is finite and J w (X, G) = G then all G-fpc have the same fixed point index, and in particular, In fact, we have the following commutative diagram of groups
where all rows are short exact sequences and the vertical arrows are inclusion.
In [13] , F. Rhodes introduced the notion of the fundamental group of a transformation group (X, G), denoted by σ(X, x 0 , G), where x 0 is a base-
consisting of a path α and a group element g ∈ G such that α(0) = x 0 , α(1) = gx 0 . The multiplication in σ(X, x 0 , G) is given by
It is easy to see that π 1 (X, x 0 ), σ(X, x 0 , G), and G fit into the following short exact sequence
Proposition 2.2. The extension group G is isomorphic to the first Rhodes group, i.e., to the equivariant evaluation subgroup, i.e.,
Proof. Note that
Higher Rhodes groups
F. Rhodes [14] defined higher homotopy groups of (X, G).
is exact. Here τ k (X, x 0 ) denotes the k-th torus homotopy group of X introduced by R. Fox [5] . The group τ k (X, x 0 ) is defined to be the fundamental group of the function space X T k−1 and is uniquely determined by
. . , τ k−1 and the Whitehead products, where T k−1 is the (k − 1)-dimensional torus. The group τ k is non-abelian in general.
Definition 3.1. Suppose that X is a G-space, x 0 ∈ X a basepoint and π the fundamental group
). Denote by [f ; g] the homotopy class of the map f of order g. We define an operation similar to the one on σ(X, x 0 , G) on the set σ k (X, x 0 , G) of homotopy classes of maps of order g for g ∈ G, i.e.,
This operation makes σ k (X, x 0 , G) a group. We write σ 1 (X, x 0 , G) for
Let now πX be the fundamental groupoid of the space X. Then, the Gstructure on X yields such a structure on πX. Following [2] , the semidirect product groupoid πX ⋊ G has the object set Ob(πX) = X and arrows x → y the set of pairs (γ, g) such that γ : gx → y is an arrow in πX and g ∈ G.
The composition of (γ, g) : x → y and (γ ′ , g ′ ) :
Then, σ 1 (X, x 0 , G) is the object group of πX ⋊ G at the object x 0 and σ n (X, x 0 , G) for x 0 ∈ X form the system σ n (X, G) of groups over πX ⋊ G for and n ≥ 1. Certainly, for the orbit map p : X → X/G, the groups τ n (X/G, p(x 0 )) for x 0 ∈ X form also the system τ n (X/G) over the fundamenatal groupoid π(X/G) for n ≥ 1. Consequently, the orbit map
of appropriate systems.
It was shown in [13] that if G acts freely on X then σ 1 (X, x 0 , G) ∼ = π 1 (X/G, p(x 0 )). More generally, we have the following Theorem 3.2. Suppose G acts freely on X. Then
is an isomorphism.
Proof. Since the G-action on X/G is trivial, it follows that
By induction, we assume that
f : C n−1 → X is given by f • i n with i n : C n−1 ֒→ C n be defined by
where the first two vertical homomorphisms have sections. Since this diagram is commutative for all k, it follows that the canonical projections
phic kernels, which we call K. But, the split exact sequence of Fox [5] takes the following form (see [7] )
Thus,
where x 0 denotes the constant loop at x 0 . Now, consider the following commutative diagram
Note that τ * (ΩZ) is a direct product of higher homotopy groups of Z. Since G acts freely on X, the orbit map p : X → X/G is a finite cover. Thus the homomorphism p * , which is induced by p, is an isomorphism. The assertion then follows from the Five Lemma.
Since, in (3.3), the kernel of τ n → τ n−1 is τ n−1 (ΩX, x 0 ), we have the following result generalizing (3.3).
Theorem 3.3. The following sequence
is split exact.
Remark 3.1. Let s n−1 : σ n−1 → σ n be the section. Consider the injective
given by conjugation. The action of σ 1 on σ n is given by
Likewise, for the Fox torus homotopy groups, there is an action of π 1 = τ 1 on τ n . In fact, the action of τ 1 on τ n is simply the restriction of that of σ 1 on
one obtains an action of σ 1 (X, x 0 , G) on π n (X, x 0 ).
Evaluation subgroups of Rhodes groups
In [7] , we defined the Gottlieb-Fox groups to be the evaluation subgroups of the torus homotopy groups. In this section, we define and study the analogous evaluation subgroups of the Rhodes groups σ n for each n. Let Definition 4.1. Let
be the n-th Gottlieb-Rhodes group of a G-space X.
First we relate the Gottlieb-Rhodes groups with the Gottlieb-Fox groups.
Theorem 4.2. The following sequence
is exact. Here, G 0 is the subgroup of G consisting of elements g each of which lies in the same component of 1 X , i.e., the induced homeomorphism g * is homotopic to the identity map, and Gτ n denotes the n-th Gottlieb-Fox subgroup.
Proof. The homomorphism p n :
, where the action of G on X X is given by the pointwise action of G on X. This means that g * ∼ 1 X or g ∈ G 0 . Thus, p n (Gσ n ) = G 0 . By the naturality of the evaluation map and the fact that Ker(p n ) ⊆ τ n , it follows that Ker(p n ) = Gτ n .
The group Gσ n was already defined by M. Woo and Y. Yoon [18] who asked whether Gσ n is abelian in general. In view of (4.1), we expect that
Gσ n is non-abelian in general.
Example 4.3. Let X = RP 3 = S 3 /{±I} be the 3-dimensional real projective space and G = Z 2 ⊕ Z 2 . Consider the free action of the quaternionic group Q 8 ⊂ S 3 on S 3 . Then, G acts on X as a quotient of Q 8 . Then
We have three evaluation subgroups, namely the classical Gottlieb groups G n (X), the Gottlieb-Fox groups Gτ n (X), and the Gottlieb-Rhodes groups
Gσ n (X, G), where X is a G-space. We shall compare these different notions.
Recall that a space X is a Gottlieb space if G n (X) = π n (X) for all n ≥ 1.
Similarly, we say that X is Gottlieb-Fox or Gottlieb-Rhodes for a G-space if
Gτ n (X) = τ n (X) and Gσ n (X, G) = σ n (X, G) respectively for all n ≥ 1.
Proposition 4.4. Let X be a path connected compactly generated Hausdorff space. Then X is a Gottlieb space if and only if it is a Gottlieb-Fox space.
Proof. It was shown in [7] that the Gottlieb-Fox groups are direct products of the classical Gottlieb groups. More precisely, it was shown that
where γ i = n−1 i−1 . From [5] , we also have
where α i = n−2 i−2 . Suppose X is Gottlieb. Since τ 1 = π 1 and Gτ 1 = G 1 , we have τ 1 = Gτ 1 . By inductive hypothesis, we may assume that Gτ n (X) = τ n (X). Now,
where
Since the semi-direct is given by the Whitehead product and X is Gottlieb, the action is trivial and thus
For 2 ≤ i ≤ n,
It is easy to see that
Thus, by induction, X is a Gottlieb-Fox space.
Conversely, if X is Gottlieb-Fox, then Gτ 1 (X) = τ 1 (X) is equivalent
and the Whitehead products between any element with elements of the Gottlieb group are trivial. Now,
But π i (X) = G i (X) for i ≤ n by inductive hypothesis. It follows that π n+1 (X) = G n+1 (X). Hence, X is a Gottlieb space. Example 4.5. Let X = S n be the n-sphere and G be a finite group acting freely on X. If n is even, then G = Z 2 in which case G = G 0 . If n is odd, then for any g ∈ G, the Lefschetz number L(g * ) is zero since g has no fixed
points. It follows that L(g * ) = 1 − deg g * = 0 or deg g * = 1. Thus, g is homotopic to 1 X . In this case, G = G 0 .
Example 4.6. Let X = T 3 be the 3-dimensional torus and G = Z 2 = t .
The action of G on X is given by t · (a, b, c) → (Aa,b,c), where A is the antipodal map on S 1 andz denotes the complex conjugate of z. The map induced by the generator t is of degree 1 but is not homotopic to the identity so that G = G 0 . It is well known that H-spaces are Gottlieb spaces. This example shows that X being Gottlieb-Fox does not imply X being GottliebRhodes.
Next, we generalize a result of Gottlieb [8] on the Gottlieb subgroups in a fibration. Let G be a finite group. By a G-fibration, we mean a G-map p : E → B satisfying the G-Covering Homotopy Property for any G-spaces.
Theorem 4.7. Let G be a finite group and E p → B be a G-fibration such
Proof.
Let
where ΩB is the space of loops based at b 0 . Consider the G-action on Ω Σ B
given by g · (λ, g ′ ) = (gλ, gg ′ ). Using the G-Covering Homotopy Property,
where e ∈ G denotes the identity element. Define d * to be the composite
The assertion follows from the definitions of d * and of Gσ n . 
Equivariant Gottlieb groups and orbit spaces
In [6] , equivariant Gottlieb groups {G n (X H , x 0 )} or simply {G n (X H )} were defined for every subgroup H ≤ G for a G-space X. These groups are subgroups of the classical homotopy groups π n (X H ). When n = 1, {G 1 (X H )} are the same as the G-Jiang subgroups as defined in [17] and the same as {J W H (X H )} as in section 2. In this section, we investigate relationships among the various evaluation groups.
Recall from [6] that for any n ≥ 1 and for any subgroup H ≤ G,
Map W H (X H , X H ) is the space of W H = N H/H-maps on X H . For any positive integer n ≥ 1, a G-space X is said to be n-Gottlieb-Rhodes if
analogously the notion of n-Gottlieb-Fox and n-Gottlieb.
Theorem 5.1. Let G be a finite group acting freely on a path connected compactly generated Hausdorff space X with a basepoint x 0 .
(1) For n ≥ 2, if X is equivariant n-Gottlieb then X/G is n-Gottlieb.
(2) For n ≥ 1, if X/G is n-Gottlieb then X is equivariant n-Gottlieb.
Proof.
(1) Consider the following commutative diagram
for any n ≥ 2. If X is equivariant n-Gottlieb then the commutativity of the diagram implies that ev * : π n (Map(X, X), 1 X ) → π n (X, x 0 ) must be onto.
(2) The case when n = 1 was already proven in Proposition 4.9 of [17] . For n ≥ 2, it was proven in Proposition 3.3 of [6] that p * (G n (X)) ∼ = G n (X/G).
Since p * : π n (X) → π n (X/G) is an isomorphism for n ≥ 2 and G n (X/G) = π n (X/G) by assumption, it follows that G n (X) = π n (X), i.e., X is equivariant n-Gottlieb.
(3) Since X is aspherical and finite dimensional, so is X/G. The fundamental groups π 1 (X) and π 1 (X/G) are finitely generated and torsion-free.
Since X is equivariant 1-Gottlieb,
Moreover, a result of Gottlieb asserts that G 1 (X/G) is the center of π 1 (X/G). It then follows that
is a central extension. By [16] , G must be abelian and
For n = 1, (1) of Theorem 5.1 does not hold as we show in the following examples.
where the free action of G on X is given by t · (x, y, z) = (−x, y, z). Here, w denotes the conjugate of w in S 3 which is regarded as the unit quaternions. Note that G 1 (X) = {1} since π 1 (X) = {1}, and G 1 (X/G) = {1} while π 1 (X/G) = Z 2 . To see this,
observe that the elements of G 1 (X/G) must act trivially on π 1 (X/G) but
Example 5.3. Let X = S 3 and G be a finite subgroup of S 3 . The free action of G on X is multiplication in S 3 so that X/G is the coset space S 3 /G. By [11] , G n (S 3 /G) ∼ = G n (S 3 ) for all n ≥ 1. Since S 3 is a topological group, it is n-Gottlieb for all n ≥ 1, i.e., S 3 is a Gottlieb space. Using [6, Proposition
. Therefore, S 3 is equivariant n-Gottlieb for all n ≥ 1. However, if G is not abelian, then S 3 /G is not 1-Gottlieb.
Remark 5.1. In [12] , J. Oprea proved that if G is a finite group acting freely on S 2n+1 then G 1 (S 2n+1 /G) is the center Z(G) of G. In particular, when n = 1, Oprea's result asserts that S 3 /G is Gottlieb if and only if G is abelian. This result cannot be generalized to arbitrary simply connected Gottlieb spaces. In fact, Example 5.2 serves as a counter-example in which X is a simply-connected Gottlieb space (since it is a topological group) admitting a free G = Z 2 action but X/G is not a Gottlieb space.
J. Siegel [15] gave the first example of a finite dimensional Gottlieb space that is not an H-space. Following our discussion in this section, one can construct similar but even simpler examples as follows. We end this section by comparing the two notions, namely, equivariant n-Gottlieb and n-Gottlieb-Rhodes.
Proposition 5.5. If X is a finite dimensional K(π, 1) and X/G is Gottlieb, then X is a Gottlieb-Rhodes space.
Proof. By (2) of Theorem 5.1, X/G being Gottlieb implies that X is equivariant Gottlieb. Following the proof of (3) of Theorem 5.1, we conclude that π 1 (X/G) is abelian and so are π 1 (X) and G. Thus, G acts trivially on π 1 (X). In other words, for all g ∈ G, g ♯ = id : π 1 (X) → π 1 (X) is the identity. Sine X is a K(π, 1), g ♯ = id implies that g * ∼ 1 X and hence
Remark 5.2. In general, X being equivariant Gottlieb does not imply that X is Gottlieb-Rhodes even when G acts freely on X. In fact, Example 5.2 furnishes such an example since G 0 = {1} = G = Z 2 and X is equivariant Gottlieb.
Generalized Rhodes groups
We have generalized in [7] the Fox torus homotopy groups. In this section,
we give a similar generaliztion of Rhodes groups. In a special case, we obtain an extension group of the Abe group. 
σ W is a group.
It is easy to see that this kernel is isomorphic to [Σ(W ⊔ * ), X]. Therefore, we get the following result. Remark 6.1. When W = T n−1 , the (n−1)-dimensional torus, σ W coincides with the n-th Rhodes group σ n and (6.1) reduces to (3.1). When W = S n−1 is a sphere, τ W becomes κ n , the n-th Abe group (see [5] or [7] ). Thus, by Theorem 6.2, we have the following exact sequence.
(6.2) 1 → π n (X, x 0 ) ⋊ π 1 (X, x 0 ) ∼ = κ n (X, x 0 ) → σ S n−1 (X, x 0 , G) → G → 1
One can also generalize the split exact sequence of (3.4) as follows. As an immediate conclusion of Theorem 6.5, we have the following Proof. The result follows from Theorem 6.5 by letting V be a point. an alternate description of the action of σ 1 on π n (X) as described in Remark 3.1. In this case, σ W (X, x 0 , G) = σ S n−1 (X, x 0 , G) is the extension group of the n-th Abe group κ n (X, x 0 ) as in (6.2). Thus, one can either embed σ 1 in σ n as in Remark 3.1 or in σ S n−1 (X, x 0 , G).
